DEFECT VIA DIFFERENTIAL FORMS WITH LOGARITHMIC POLES 



SLAWOMIR CYNK, SLAWOMIR RAMS 

Abstract. We prove formulae for the Hodge numbers of big resolutions of singular hy- 
persurfaces satisfying a Bott-type vanishing condition. 



1. Introduction 

The main purpose of this paper is to prove formulae for the Hodge numbers of big 
resolutions of certain hypersurfaces with A-D-E singularities. Let X be a four-dimensional 
normal complete variety, and let F C X be a hypersurface with A-D-E singularities such 
that sing(A) fl F = 0. Recall that singularities of Y can be resolved by consecutive blow- 
ups of singular and infinitely near singular points of Y. We call such a resolution big, and 
denote it hj n : Y —>■ Y . We assume that 

h\nl,) = h\nl,{Y)) = h\Ox{Y + Kx)) = and h\Ox{-Y)) = h\Ox{-Y)) = 0, 

where Vtx '■= U^reg{x) ^^'^ ^ • '^6g(X) — > X stands for the inclusion. Then the following 
equalities hold (see Thm I3.2p 

h'^\Y) = h^n'x) + (xinxiY)) - h'in'AY))) + {x{Ox{Y + Kx)) - h'{Ox{Y + Kx))) + 
+h\Ox) - h\Ttx) - {x{Ox{2Y + Kx)) - h\Ox{2Y + Kx))) - h\Oxi-Y)) 

+fiY + Sy , 

h''\Y) = h%nl) + h\Ox) + h%Ox{2Y + Kx)) - h\Tl\) - h\Ox{Y + Kx)) + 

-h\Tl\{Y)) - ^^Y + 5y . 

In the above formulae /ly is the number of singularities and infinitely near singularities of 
Y , whereas the defect 5y (see Def. 12. ip measures how special the position of singular points 
of Y with respect to sections of the sheaf (9x(2F + Kx) is. 

In particular, the assumptions of Thm 13.21 are fulfilled by ample hypersurfaces with A-D- 
E singularities in projective (normal) toric fourfolds (Cor. 13. Sp . 1-ample hypersurfaces in 
complete toric fourfolds (Ex. 13.11) and fc-fold solids (Ex. 12.11) . It should be pointed out that 
we do not require Y to be quasi-smooth (compare [U Thm 10.6]). 

Our interest in the above formulae is justified by their various applications, e.g. ^ Thm 1], 
that has far more restrictive assumptions than our Thm [221 (see f ll.2l) ). turned out to be 
useful in the study of factoriality (see e.g. [2], [20]). 
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Recall that in the paper [3] Clemens proves the equality 

(1.1) = 1+^ + 5^ 

where is the double cover of P3(C) branched along a degree-ci nodal surface B^, and the 
integer 6, so-called defect, is defined as the number of dependent conditions imposed on 
homogenous forms of degree (3/2 ■ c? — 4) on P3 by the vanishing in the nodes of B^. 

Later, various generalizations of the above formula were found (for a thorough discussion 
see [8], [HI Chapt. 6] and [13]). In [1] the ambient variety X is assumed to be smooth, 
whereas y C X is a three-dimensional nodal hypersurface such that /i^(fi^), h^{Q]^{—Y)) 
vanish and 

(1.2) the line bundle OxiY) is ample. 

If we define the defect 6 as the number of dependent equations that vanishing in the 
nodes of Y imposes on the global sections of the bundle Kx{2Y), then h^'^{Y) is given 
by the right-hand side of the formula (11.11) . The assumption (11.21) turns out to be pretty 
restrictive, for instance Ox{Y) ceases to be ample as soon as we blow-up a point in X \ y. 
In particular, [H Thm 1] does not imply (11.11) . 

In [21] Y is assumed to be a hypersurface with A-D-E singularities in a projective normal 

Cohen-Macaulay fourfold X such that sing(X) fl F = and h'^{ytx)i ^^{^x{~^)) vanish. 
Moreover, (II. 2p is replaced with the following conditions 

(1.3) h\Ox{-Y)) = h^{Ox{-2Y)) = h^(J}]^ ® Oxi-Y)) = for j = 1,2, and t < 3. 
Under such assumptions, one has the equality (see [21, Thm 4.1]) 

h''\Y) = h\n'x) +^y + 6Y + h\Ox{-2Y)) , 

where Sy (see [2T1 Lemma 3.3]) is given by vanishing of sections of Ox{2Y + Kx) and their 
certain directional derivatives in the singularities of Y. In particular, [211 Thm 4.1] can be 
applied to ample hypersurfaces in projective simplicial toric fourfolds. 

Both [4j, Thm 1] and [21. Thm 4.1] are shown by study of cohomologies of the conormal 
bundle of the resolution Y in the appropriate blow-up of X. One expects that the structure 
of singularities of X should play no role (see e.g. [21]) as far as the Hodge numbers of 
Y are concerned, but the above approach depends among others on the use of the Serre 
duality, so one has to assume that the singularities of X are mild enough. Here we apply 
the properties of the Zariski sheaf of germs of 3-forms and the Poincare residue map. In 
this way we need neither (11.21) nor most of its cohomological consequences (11.31) . 
The paper splits in two parts. In Sect. [2] we apply certain technical facts from [3] and [21] 
to obtain the formulae under the assumption that X is smooth. Such a result (Thm 12.21) 
has a very simple proof and can be applied in many interesting cases. Sect. [3] is devoted 
to the main theorem of the paper (Thm [22]) • 

Notations and conventions: All varieties are defined over the base-field C. By a divisor we 
mean a Weil divisor, and "~" stands for the linear equivalence. 
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2. Smooth ambient variety X 

Let y be a hypersurface in a smooth four- dimensional projective variety X. We assume 
that all singularities of Y are A-D-E points. Let yf : y — > F be the big resolution of Y 
obtained as the composition 

(2.1) = di o . . . o (T„ : r ^ y =: yo , 

where Y := is smooth and (Tj : Y^ — > Y^~^, for j = 1, . . . ,n, is the blow-up with the 
center singCK-'"^) 7^ 0. Recall that singularities of Y^ are isolated double points for each 
j < n — 1. The number of singularities and infinitely near singularities of Y will be denoted 

Let X° := X and let X^ stand for the fourfold obtained from X^~^ by blowing it up 
along sing(y-'~^), j = 1, . . . ,n. We put X := X^. By abuse of notation, the composition 
of the blow-ups in question is denoted by n : X ^ X. 

Definition 2.1. Let Yli kiEi := K^^j-^ and let t\*Y = 1^ + ^^ rniEi, where Ei are (reduced) 
components of the exceptional locus of tt : X — > X. We put 

(2.2) 3Y:=n,{0^iiki-2mi)Ei)) 
and define the defect of the hypersurface Y as the integer 

(2.3) 6y = h\Kx{2Y) ® Jy) - {h\Kx{2Y)) - fly). 

Remarks: 1. The integer given by (12. 3p coincides with the one defined in [211 Def 3.1] (see 
also [ibid., (4.2)]). Indeed, since 

(2.4) K^ + 2Yr~. r{Kx + 2Y) + J^i^i - 2mi)Ei , 
the projection formula yields the equality 

(2.5) h\Kji{2Y)) = h\Kx{2Y) ® Jy) , 
which, combined with [2T1 Lemma 3.2], implies our claim. 

2. Computations in local coordinates with help of (12.11) show that ki < 2m; and the ideal 
3y is given by vanishing of certain directional derivatives in local coordinates (see the 
condition II of [211 Lemma 3.3]). 

In order to render our exposition self-contained, we collect here several technical facts 
that will be used in the proof of Thm 12. 2[ 

From the Leray spectral sequence and (12. ip (see [2T1 equalities (2.15), (2.16)]), one 
obtains 

h\Oxi-Y)) = h\0^^i-Y')) = ... = h'iO^i-Y)) for all i, 
h\Oxi-2Y)) = h'{Oj^^{-2Y^)) = ... = h\Oj^{-2Y)) for t < 2, 
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and the exact sequences (see [2T, (2.17)]) 

H\0^,-,{-2Y^-')) H\0^,{-2Y^)) ^0, 

where Vj stands for the number of points in sing(y'-' ) and j = 1, . . . , n. Since /ly = Yl^Zl ^i' 
the above exact sequences imply 

X{0x{-2Y)) = x{0^.{-2Y')) + z/o = . . . = x{Ox{-2Y)) + ^^y . 

Therefore, the Serre duahty yields 

(2.6) x{Kx{2Y)) = x{K^{2Y)) + /xy and h\Kx{Y)) = h\K^{Y)) for every i. 
By j21[ Lemma 2.3.b] we have 

h\Q}x{-Y)) = h\Q)^,{-Y^)) = ... = h\Q)^{-Y)) for all i. 
Thus the Serre duality yields 

(2.7) h\Q\{Y)) = h\Ql{Y)) for all i. 
Moreover, if we assume that h'^{Q]^) = 0, then [211 Lemma 2. 3. a] gives 

h^'\X^) = h^'\X) + uo and h^'\X^) = h^'\X) for z ^ 1. 

Consequently, if we assume h^'^{X) = 0, we can proceed by induction and apply [121 
Cor. III.7.13] to obtain 

(2.8) h^''\X) = h^'^{X) + fly and h^'\X) = h^'\X) for i ^ 3. 

Recall that the sheaf VL^^{\ogY) of differential 3- forms with logarithmic poles along Y is 
defined as 

r(V, i7^(logF)) := {a E r(V, fi^(* Y));a and da have at most simple poles along Y}, 
where V C X is open and fi^(* Y) := lim n^j^{kY). 

~k 

We have the folowing exact sequence (see [TSl p. 444]) 

(2.9) — — > n\{\ogY) — >nl — > , 

and the following resolution of the sheaf Vt^^{\ogY) (see [TH p. 445]) 

(2.10) n\{\ogY) — . n\{Y) — . K^{2Y)/K^{Y) -^0. 

Now we are in position to prove (compare [U Thm 1], [211 Thm 4.1]) 

Theorem 2.2. Let X he a smooth projective fourfold, and let Y C X be a hypersurface 
with A-D-E singularities. If 

h\n],) = h%Q],{-Y)) = h\Ox{-Y)) = h\Ox{-Y)) = 0, 
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then 

h'^\Y) = h''\X) + ixi^'A-Y)) - h\n],{-Y))) - {x{Ox{-2Y)) - h\Ox{-2Y))) + 

-2h\Ox{-Y))+^XY + 5Y. 

h^'\Y) = h^^\X) + + h\Kx{2Y)) - h''\X) - h\n],{-Y)) - h\KxiY)) + 

-/iy + 5y, 

where 5y (resp. hy) is the defect (resp. the number of singularities and infinitely near 
singularities) ofY. 

Proof. To simplify our notation we put := Kj^{2Y)/ Kj^{Y). From the exact sequence 

(2.11) K^Y) KA2Y) ^ ^ , 
we obtain 

(2.12) x{% = x{Kx{2Y)) - xiKxiY)) ^ x{Kx{2Y)) - /.y - x{Kx{Y)) . 

By ([2lD we have h\Kj^(Y)) = h\Kx{Y)) = h^{Oxi-Y)) = 0, so the cohomology 
sequence associated to (12. lip breaks into shorter exact sequences, which implies 



h'{^) = h\KA2Y)) - h^K^Y)) ^ h\Kx{2Y) ® 3y) - h\Kx{Y)) 



^ 5Y + h\Kx{2Y))-iiY-h\Kx{Y)). 

Observe that (12.71) gives h^{yi?^{Y)) = 0. Thus the cohomology sequence associated to 
(I2.10p breaks into shorter exact sequences and yields 

1 

(2.13) J2(-^y ■ h'{n%{logY)) = h%Q%iY)) - h\m) ^ h%Ql{Y)) - h\m) , 

j=0 

4 4 

(2.14) Y.^-iy . h^{Q%{iogY)) ^ Y.^{-iy ■ h^i^'AY))) + h%m) - xm . 

j=2 j=2 

Finally, from the equalities h^''^(X) /i^'^(X) = /i^'^(X) = 0, the cohomology sequence 
associated to (12.90 breaks into shorter exact sequences and we obtain 

h^'\Y) = /i3'0(X)-/i3'i(X)-(/i°(fi|(logf))-/i^(l]|(logf))) + /i''°(f) = 

^ /i3'0(x) - /i3'i(x) - h'in^iY)) + h^i^) + h^'\Y) = h^'\x) - e^\x) + 

-h\n\{-Y)) + h\Kx{2Y)) - h\KxiY)) - /xy + 5y + /i^'°(r) . 
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By f l2.14p and similar argument we have 

4 

i=2 

4 

i=2 

^ h''\X) + ixi^'A-Y)) - h\n],{-Y))) - {x{Ox{-2Y)) - h\Ox{-2Y))) 
-h''%X) - h\Oxi-Y)) +^,y + 5Y + h'^^HY) ■ 

To complete the proof observe that (12. 6p and the cohomology sequence associated to 

(2.15) — >Ox{-Y) — >Ox — >Oy — ^0 
yield (see also [12i Ex. 11.8.8, p. 190]) 

h^'\Y) = h'^^\Y)^ h'''\X)-h\Ox{-Y)) and h^'^^iY) = h'^'^X) . 

□ 

We end this section with the study of a classical example (see [3]); /c-fold cyclic covers 
Y of P3 branched along a surface of degree {d ■ k). Recall that the assumptions of neither 
[H Thm 1] nor [21, Thm 4.1] are fulfilled when we treat F as a hypersurface in the bundle 
P(0P3 © Op^{d)). Below we check that Thm 12.2] works in that case. 

Example 2.1. (c.f. [211 Example 3.1]) We fix integers d > 2 and k > 2. We consider the 
fc-fold cover Y of P3 branched along a surface of degree d ■ k. We assume that Y has only 
A-D-E singularities. Let P = F{S) with £ := Op^ ® Clp-M). It is well-known that Y can 
be considered as a hypersurface in P and 0^(Y) = Of{k). We claim that the pair y C P 
satisfies the assumptions of Thm 12. 2[ 

We maintain the notation of [12, Ex. 1II.8.4]). Then we have Kf = {TT*Op.^{d - A)){-2), 
where vr : P — * P3 stands for the bundle projection. 

At first we study the cohomologies of Qf,^p^{—k). We consider the exact sequence [121 
Ex. 111.8.4.b] tensored with Op{-k): 

(2.16) — > np^^,^{-k) — > {Tr*£){~k - 1) — > Op{-k) — > . 

In order to compute {Op{—k)), observe that, by [12, Ex. III. 8. 4. c], we have 

fc-2 

7r,((7r*Op3(d-4))(A:-2)) = Op,{d - A) ^ S'^'^S = ^ Op,{ld + d - A), 

1=0 

Tr4{7i*Op,{d-A)){k-2)) = forj>l. 
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SO the Leray spectral sequence and the Serre duahty imply 

(2.17) h\Of{-k)) = 5^ ( ~ ) and h^{0^{-k)) = for j < 3 . 

We have {'K*8){-k-l) = Op{-k - 1) ®7r*Ow,id){~k - 1). As in [211 (5.10)] we use the 
Serre duality, [12', Ex. 111. 8. 4. a], the projection formula and the Leray spectral sequence to 
show that 

(2.18) /i^(7r*^)(-A; - 1) = 1 and /i^(7r*^)(-A;- 1) = for j = 0,2, 3. 
Now (12J6D and (IXTTD . (12J8|) give the equalities 

(2.19) h\np/^,^{-k)) = 1 andh^{np/^,^{-k)) = forj = 0,2,3. 

In order to compute {7i*fll,^{—k)), we consider the pull-back of the Euler sequence 
under the map vr and tensor it with Op{—k): 

(2.20) {7r*Ql^){-k) ^ (vr*Op3(-l)®4)(-fc) Op{-k) -^0. 

We use the Serre duality, [12, Ex. 111. 8. 4. a] and the Leray spectral sequence to see that 

h^-^{T^*0^,{-l){-k)) = h\7c*Op,{d -3){k- 2)) = h^{0^,{d - 3) ® S'^-^S) . 

In this way we show that {n* {0]p^{—l)){~k)) = for j < 3. The latter, combined with 
f l2Tri) and I^M), yields 

(2.21) h^{'K*nl^^{-k)) = for J < 3 . 
Finally, we tensor the exact sequence 

> TT > > ^p/Pa ^ 

with Cp(-A;), and apply fl239D . fl2:2T|) to see that /i^(fi|(-r)) vanish for j = 2, 3, whereas 
h\nl{-Y)) = 1. 

We use similar argument to show that h'^{^p) = 0. 

3. Main result 

In [21] the ambient variety X is assumed to be a projective normal Cohen-Macaulay 
fourfold. In this section we study the question to what extent the formulae of Thm 12.21 
remain valid when we allow the fourfold X to be singular. 

We assume X to be a four-dimensional normal complex variety, so the canonical (Weil) 
divisor Kx is well-defined (up to the linear equivalence). Recall that the map D — > Ox{D) 
gives one-to-one correspondence between the linear equivalence classes of Weil divisors and 
isomorphism classes of rank-1 reflexive sheaves on X (see [22l p. 281]). We put 

— i 03 

where j : reg(X) X stands for the inclusion. 
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Let y C X be a a hypersurface with A-D-E singularities such that 

(3.1) sing(X)nr = 0. 

We maintain the notation of the previous section. In particular, Y is given by (12. ip . Ob- 
serve that, by the assumption (13.11) . we can consider the pullbacks 7i*Kx, vf*F. Obviously, 
there exist unique positive integers ki, mi satisfying the conditions of Def. 12.11 In particular, 
we have the linear equivalence (12. 4p . 

We define the ideal Jy (resp. the defect ofY) by the equality (12.20 (resp. (12. 3p ). 
Let fijf(*F) := lim QxikY), and let V be an open subset of X. We put 

r(V, fi^(logF)) := {a G T{V, fi^(* F)); a\^eg{x)nv and d(a|reg(x)nF) have at most 

simple poles along Y}, 
The assumption (13. ip . combined with (12. 9p . (I2.10p . implies that the sequences 

(3.2) ^ n| ^ n|(iogf) ^ni^o, 

(3.3) n|(logf) ^ UliY) ^ 0^i2Y + K^)/0^{Y + K^) ^ 
are exact. 

Now we are in position to prove a more general version of (12.60 . (12.70 . (12.80 . 

Lemma 3.1. We have the following equalities: 

a) h^{Tfx) = h^i^x) + I^Y and h'(n\) = h^n^) for i ^ 3, 

b) h^{lfx{Y)) = h^in'AY))for all J, 

c) h^{Oji{Y + K^)) = h^{Ox{Y + Kx)) for all j, 

d) x{0^{2Y + K^)) = x{Ox{2Y + Kx)) - fiy, 

e) h^{0^{-Y)) = h^{Ox{-Y)) for all j . 

Proof. Let E stand for the exceptional divisor of the blow-up ai. By direct computation 

(3.4) ia.nnl) = QU^ogE){-3E) . 

Obviously, we have (ai),C^i (A;E) = Ox for k = 1,2,3. We follow the proof of [HI (2.5)] 
to show that 

(3.5) W{ai),Ox,{lE) = where j > 0, / < 3. 
Therefore, from the projection formula (see [H, (2.8)]), we get for A; = 1,2,3 

(3.6) ((Ti),(a*(ni)(A;E)) = and {ai),{al(jfx){lE)) = where j > 0, / < 3. 
a) The projection formula, combined with (13. 4p and (13. 6p . yields 

(3.7) (ai),(nJ,(log£;)) = i?^(ai),(n|,(logE)) = for J > . 
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We consider cohomology sequence associated to the exact sequence (see [HI p. 444]) 

(3.8) — — > nji (log E) — — ^ 
to obtain the equahties 

(3.9) h\n\^) = h^n^iiogE)) = h^nl), 

where the latter results from the Leray spectral sequence and (13. 7p . 

Observe that (13. 4p . combined with fLU[ 2.3 Property c] for D = Di = E, yields the exact 
sequence: 

(3.10) — > al{nx){2E) — ^ H^i — > n% — > . 

We consider the direct image of (I3.10p under cxi. The centers of cxi are smooth points on 
X, so R^{ai)^:fl^ = is the sky-scraper sheaf with stalks C in the centers of the blow-up 
and i?*(ai)*r2|; vanish for i = 0,1, 2. The latter, combined with (13. 6p . implies 

{ai)jfx, = ifx, /?'(ai),nji = for i = 1, 2 , and R\a^)J^^j^^ = C". 

From the Leray spectral sequence (see e.g. [161 Example l-D]), we obtain the equalities 
W{Vtx) = h^Vtxi) for i = 0, 1, 2 and the exact sequence 

^ H^iStx) H^(^%) C''" H\qI) H\lfx^) . 

Therefore, yields that /i^(n|i) = h^isix) + vq. 

To complete the proof of the part a) of the lemma proceed by induction on the number 
of blow-ups in (12. ip . 

h) Observe that, as in the proof of a), it suffices to show the equalities 

(3.11) h'(stx,{Y^)) = h'iQxiY)) for i > 0. 
We claim that 

(3.12) (ai),(n^i(-2E)) = Ux and i?^(ai),(n|i(-2E)) = for j > 0. 

Indeed, we tensor the exact sequence (13.80 with the (locally free) sheaf Oxi{—2E) to 
obtain: 

(3.13) — >lfxi{-2E) — > al{lfx,){E) — > ^\{-2E) — > 0. 

We consider the direct image of (13.131) under cxi. Since Vl\{—2E) = Q'^^{2), we have the 
vanishings R'' (ai) ^Q'^{—2E) = for / > 0. Now (I3.12p results immediately from (13.60 . 
The equality Oxi{Y^) = {criYOxiY) ® 0^i(-2E) (see also ^ (2.2)]), combined with 
the projection formula and (13.120 . yields 

((Ti),(n|i(fi)) = ifxiY) and i?^(ai),(n|i(yi)) = for j > 0. 

Thus the Leray spectral sequence implies (13.110 . 
c) Let k = 1,2. From the assumption (13.10 . we have 

(3.14) Ox^ikY' + Kx.) = (aiYOxikY + Kx) ® Oxi((3 - 2A;)E). 
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We apply the projection formula and (13. 5p to show that 

(3.15) {ai),Oji^(Y' + Kj,,) = Ox{Y + Kx) and RP{ai),Oj,^{kY' + Kj^,) = for p > 0. 
The Leray spectral sequence and (13.151) yield the equalities 

h^{0^,{Y' + Kj^,)) = h^{Ox{Y + Kx)) for all j. 
d) Let i = 1, . . . ,n. Reasoning as in (13.141) . (I3.15P we obtain 

{a,)^0^.{K^. + 2Y') = 0^.^,{K^.^^+2Y'-')®J,, 
R''{<yi)fix^{Kx^ + '^Y') = forp>0, 

where Ji is the (reduced) ideal of the center of the blow-up cxj. From the Leray spectral 
sequence we get 

We have the exact sequence 

^ 0^.-r{Kx^-i + TY'-^) ®J,^ O^.-AKx^-^ + TY'-^) ^5^0, 
where S = C'-^ is the sky-scraper sheaf with stalks C over the points in sing(y*~^). Hence 

xiOj^.-^iKj^.-, + 2Y'~') (g) Ji) = x{0^.-.{K^.-, + 2Y'-^)) - z/,. 

ej The equality 0;fi(-Fi) = {aiyOx{-Y)®0^^{2E), combined with ([S3]), the projection 
formula and the Leray spectral sequence, implies that 

y{0^,{-Y^)) = y{Ox{-Y)) for all J. 

□ 

Now we are in position to prove 

Theorem 3.2. Let X he a four- dimensional normal complete variety, and letYcX be a 
hypersurface with A-D-E singularities such that sing{X) fl y = 0. // 

h\Ox{Y + Kx)) = h'in'^) = h\nUY) = and h\Ox{-Y)) = h%Oxi-Y)) = , 
then the following equalities hold 

h''\Y) = h'0^) + ix(^xiY)) - h^n^Y))) + {x{Ox{Y + Kx)) - h\Ox{Y + Kx))) + 
+h\Ox) - h\nx) - ix{Ox{2Y + Kx)) - h%Ox{2Y + Kx))) - h\Ox{-Y)) 

+flY + Sy , 

h''\Y) = h\nl) + h\Ox) + h'{Ox{2Y + Kx)) - h\nl) - h\Ox{Y + Kx)) + 

-/i°(n^(F))-/iy + 5y, 

where by (resp. fiy) is the defect (resp. the number of singularities and infinitely near 
singularities) ofY. 



DEFECT VIA DIFFERENTIAL FORMS WITH LOGARITHMIC POLES 



11 



Proof. Lemma [3TT] and the exact sequences (13. 2p . (13.31) enable us to repeat the proof of 
ThmEl 

We define the quotient sheaf (see 03. 3p ) and use the vanishing of h^^OxiX + Kx)), 
combined with Lemma [3. li d, to compute /i°(D^). 

Then we apply Lemma [3?T] to study the cohomology sequences given by (13.21) and (13. 3p . 
Finally, we use Lemma [3TTl e and the sequence (12.150 to calculate the numbers h'^'^iY), 
/i^'°(y) (observe that we blow up smooth points on X, so the Leray spectral sequence 
immediately yields h^{Ox) = h^Ox) for each j). □ 

Remarks: 1. In certain applications /i^'°(y), h?'^{Y) are known. In such case, only the first 
three vanishings that we assume in Thm 13.21 are needed to find all the Hodge numbers of 
Y . For example, if we assume X to be a (normal) toric variety, then K'{Ox) = for i > 
(see tlli Corollary 2.8]), so we have h\Oy) = h'+^{Oxi-Y)). 

2. If the Serre duality holds on X with Ox{Kx) as the dualizing sheaf , e.g. X is a 
projective normal Cohen-Macaulay fourfold, the assumption on h^{Ox{—Y)) is abundant. 

3. The Zariski sheaf of germs of 3-forms ^x satisfies the condition ^x\rcg{x) = ^reg(x)- 

3 

Obviously, our considerations remain true if we replace Qx with any sheaf with the above 
property. 

Recall that one can use [211 Thm 4.1] to compute the Hodge numbers of ample hyper- 
surfaces in projective toric simplicial varieties (see pTl Cor. 4.2]). By Danilov's spectral 
sequence Thm 13.2] works for all projective (normal) toric varieties X as the following corol- 
lary shows: 

Corollary 3.3. Let X be a complete toric fourfold, and letYcX be a hypersurface with 
A-D-E singularities such that sing(X) fl F = 0. If OxiY) is ample, then 

h^^\Y) = h^ltx) + + 5y , 

h''\Y) = h\Ox{2Y + Kx))-h\Ox{Y + Kx))-h\Ttx{Y))-^iY + SY. 

Proof. By Danilov's Spectral sequence (see [m p. 133]) we have h^Vtx) = for j < 3 and 
h^iStx) = 0. dZl Bott's Vanishing, p. 130] (see also [11, Cor. 1.3]) implies that h'(stx{Y)) 
and h^{Ox{kY + Kx)) vanish for A; = 1, 2 and i > 0. We use the latter vanishing and the 
Serre duality to show that h\Ox{-Y)) = for i > 0. □ 

A nef Cartier divisor D on & complete simplicial toric variety is called /-semiample iff its 
Kodaira-Itaka dimension equals /. For such divisors one can use [13, Cor. 2.7] to compute 

h^iVLxiX)) and check whether the assumptions of Thm [3^ are fulfilled. In particular, we 
have 

Example 3.1. Let X be a complete simplicial toric variety, and let F C X be a hypersurface 
with A-D-E singularities satisfying (13. ip and such that OxiY) is 1-semiample. Then, by 
[T5l Thm 2.4], Y satisfies the assumptions of Thm 13.21 
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Remark (c.f. Ex. 12.11) : One can easily see that the k-fo\d sohd Y C F{Or'^(BOr',^{d)) defines 
a nef and 4-ample divisor. It is not ample because h^{Q^{—Y)) ^ (see (TUl Cor. 6.4]). 
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